Abstract. Contouring control is in wide use in the manufacturing industry. To achieve accurate contouring control, accurate control error estimation is necessary. However, for free-form contours, there is a lack of effective algorithms for accurately estimating contour errors. This paper proposes a new algorithm for contour error estimation based on NURBS interpolation (CEEBNI). The reference input points closest to the current position is searched. Based on the NURBS interpolation, certain discrete reference input points are then used to reconstruct the NURBS curve. Finally, the contour error is estimated based on the minimum distance between the current position and this NURBS curve. Simulation results indicate that proposed algorithm gives excellent result in the estimation of the contour error.
Introduction
The contour following task of biaxial contouring systems is one of the most common motion control problems in industrial applications, especially in CNC machine tools. For linear and circular contours, for which the function is known, it is relatively easy to determine the contour error. There is, however, no general formula available for computing contour errors in the case of free-form contours. NURBS (non-uniform rational B-splines) are mathematical representations of two-or three-dimensional objects, which can be of standard shapes or free-form shapes. NURBS are used in computer graphics and in the CAD/CAM industry and have come to be regarded as a standard way to create and represent complex objects.
Tarng et al. [1] and Cheng et al. [2] proposed a similar method for estimating in real time the contour errors for arbitrary contours. In their approach, the velocities at any instance of time of both the desired point and the actual point are used to compute the contour error corresponding to the actual position at that instance. However, since generally only the position data are available in a contouring control system, a velocity estimator is necessary. Yang et al. [3] estimated the contour error as the difference between the current radius and the radius of curvature at the desired position. Huo et al. [4] proposed an approach using the three reference points closest to the actual point to form straight lines. The minimum distance from actual point to these straight lines is then the estimated contour error. While this approach works well, its performance deteriorates as the curvature of the desired contour increases. In this paper, a new approach for contour error estimation based on NURBS interpolation (CEEBNI) is presented.
Contour Error Estimation for a Free-form Contour
Mathematical Model of Desired Contour. In digital CNC systems, the desired contour is provided by the reference positions as a series of discrete points. As such, to accurately determine the contour error at the current machine position, the desired contour curve needs to first be reconstructed at a high resolution, preferably through the use of a continuous function. In this paper, the NURBS interpolation method is used to generate the mathematic model of the desired contour.
A pth-degree NURBS curve is defined by
where the {P i } are the control points, {ω i } the weights, and {N i,p (u)} the pth-degree B-spline basis functions. In this paper, three is chosen as the value of p and all weights are simply set to one [5] . Suppose a set of points {R k }, k=1,…,n, are given and it is desired to interpolate among these points with a third-dgree non-rational B-spline curve. The interpolation procedure is as follows.
(1) Parameterization. In this step, we assign a parameter value, k u , is assigned to each R k . The chord length method is the most widely used method [5] , so it was adopted in this paper. Let d be the total chord length given by ݀ = ∑ |ܴ − ܴ ିଵ | ୀଵ
ሺ2ሻ
Then ‫ݑ‬ ത = 0, ‫ݑ‬ ത = 1, and
(2) Knots. For the non-periodic NURBS, the number of replication of knots in the beginning and the end is p+1. In this paper, the knot vector is chosen as U={0,0,0,0,u p+1 ,…,u m-p-1 ,1,1,1,1}. Except for 0 and 1, the other knots are given by
, is defined as
(4) Control points. The (n+1) by (n+1) system of linear equations is then set up as
and the control points {P i } can be solved using Eq. 7.
Contour Error Estimation.
The contour error is defined as the deviation of the actual path taken by the machine's axes from the desired contour path. At any point on the actual path, this is defined as the shortest distance from that point to the desired path. Because only the discrete reference points are known, the desired contour curve needs to be first reconstructed. It is unnecessary to use all the reference points to reconstruct the whole desired path since only the segment of this path which is close to the actual point is sufficient to determine the contour error. In this paper, the reference points to the actual point are searched [4] and the five reference points around this point are used to construct the NURBS curve. Finally, the contour error is found by determining the shortest distance between this NURBS curve and the actual point. Fig. 1(a) illustrates this approach showing a series of reference input positions, r(k), r(k-1),…, r(k-5), applied to a biaxial contouring system at the (k-5)th to the kth instant. The actual position of the system at the kth instant is represented by point M. In general, because of control following errors in both the axes, the actual position of the machine will lag behind the reference inputs. Fig. 1 . Contour error estimation algorithm for a free-form contour
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For any point M along the actual path taken by the system, the following steps can be used to estimate the contour error, defined as the closest distance of the point to the desired path. (i) Compute the distance between the point M and each of the reference input positions r(k) to r(k-N).
A suitable value of N depends on the magnitude of the axial following errors in terms of the machines' basic length unit (BLU) or the resolution used. To reduce computational load, N should be as small as possible. However, the choice of a value for N must also meet another condition as discussed in (ii) below. (ii) From the distances computed in (i), determine the point r(k-m) which is closest to the point M. To ensure that a sufficient number of reference input positions are included, the value of N must be large enough such that for any point M, m<N. If for any point M, m=N, then it means N is not large enough and a larger value of N must be used. (iii) Five points r(k-m-2),r(k-m-1),…,r(k-m+2) are then used to calculate the knots and the control points so that a NURBS curve which passes through these five points can be derived. u a ,…,u e shown in Fig. 1(b) are five corresponding parameters in the NURBS curve representing the five reference points. (iv) If r(k-m) and r(k-m-1) are the two reference points closest to the point M, the corresponding parameters are u b and u c . Note that these two closest reference points will be among those found in (ii). The point on the curve which is closest to the point M will be located in the segment [u b , u c ]. Then this segment is then divided into h equal parts, resulting in h+1 points. In this paper, we use h=10. 
Simulation Study
In this section, the proposed contour error estimation strategy is applied to estimate the contour errors when desired linear, circular and parabolic contours are used as inputs to the bi-axial system shown in Fig. 2 . For the simulation, the system's axial dynamics are deliberately made dissimilar and the time constants τ x = 0.01 s and τ y = 0.015 s. The gains, K x and K y , are chosen in order to achieve damping ratios for both axes of 0.707. The sampling frequency is chosen as 1kHz. Huo's method as described in [4] is used as a comparison for CEEBNI.
Fig. 2. System model for bi-axis contouring control system
The desired linear contour used is at an angle of 30 o with respect to the X-axis and the feedrate used is f = 1. Assume the starting point to be at the origin (0, 0), the reference inputs for the linear contour are generated by
where L is the distance between (r x (k), r y (k)) and (0, 0), k is the current sampling instant and θ is the angle of the linear contour with respect to the X-axis.
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For the circular contour, the desired radius is set at R = 1 and the federate at f = 1 used. It is assumed that the center of the circle is at (0, 0) and the starting point is at (R, 0). The reference inputs for the circular contour are then generated by
where θ denotes the angle of the arc from the starting point. For the parabolic contour, y = x 2 is used as the function. Because most contouring systems do not include parabolic interpolation, here piecewise straight lines are used to approximate the parabola. If the increment ∆x in the X-axis is chosen as 0.1 and the starting point for each piecewise straight line is (x s , y s ), then the end point will be (x s +∆x, (x s +∆x)
2 ) which will be the starting point of the subsequent piecewise straight line. For each line section, the reference inputs are generated by
Since the functions of these three desired contours are known, the exact functions are used to compute the exact values of the contour errors. These values are then used as "reference" values to verify the results of Huo's estimation method and CEEBNI. The results are shown in Fig. 3, Fig. 4 and Fig. 5 in which the difference between the reference contour errors as determined by the exact desired contour functions and that obtained by the two estimation approaches are presented.
The differences for the linear contour are shown in Fig. 3 . It can be seen that the difference is of the order of 10 -16 and 10 -15 , showing that both Huo's method and CEEBNI have almost no difference with the reference contour error values, the difference likely due to the limit of accuracy in the computation in the computer.
For the circular contour, it can be seen from Fig. 4 that the contour error differences are of the order of 10 -7 and 10 -14 . It is obvious that the results obtained by using CEEBNI are far better than the linear approximations used in Huo's method. The results of CEEBNI show almost perfect estimation.
The differences for the parabolic contour are shown in Fig. 5 . Here again, it can be seen that CEEBNI outperformed Huo's method by about four orders of magnitude. For CEEBNI, it is noted that the errors in contour error estimation, as compared with that using the actual parabolic function, are significantly larger for the parabola contour than those for both the linear and the circular contours. This could be due to the fact that not all the input reference points are on the parabola but generated from piecewise linear approximations, which occur in actual CNC machines. 
Conclusion
In this paper, a new approach for contour error estimation based on NURBS interpolation (CEEBNI) is proposed. This approach only requires only the information contained the discrete input axial points to the contouring control system. As such, it can be applied for any arbitrary free-form contour without the need for any other information. Simulation results using a bi-axial contouring system show that this method can give almost perfect estimation of the contour errors. This should significantly improve the performance of any approach at reducing contour errors in contouring machines which needs an accurate estimation of actual contour errors.
